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Abstract 

We introduce the diamond-alpha exponential function on time scales. As particular 
cases, one gets both delta and nabla exponential functions. A method of solution 
of a homogenous linear dynamic diamond-alpha equation on a regular time scale is 
investigated, and examples of diamond-alpha exponential functions are presented. 
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1 Introduction 

The calculus on time scales is a powerful tool to unify discrete and continuous analysis 
IH UlEl. The generalization to time scales of forward and backward differences in Z leads 
to delta and nabla derivatives, respectively. Based on these two types of derivatives, a 
combined derivative, the so called diamond-a derivative, was recently introduced by Sheng, 
Fadag, Henderson, and Davis lfl4ll . For a = 1 the diamond-a derivative reduces to the 
delta-derivative while for a = we get the nabla-derivative. When one chooses the time 
scale to be the set of real numbers, then all such notions are equivalent and coincident 
with the standard concept of derivative. For other time scales, the diamond-a derivative 
is a linear convex combination of delta and nabla-derivatives and seems to be useful for 
solving certain dynamic equations lFT2lrT4l . Although the combined diamond-a derivative 
has no anti-derivative, and so it is not a dynamic derivative [12], it is still possible to define 
a diamond-a integral on time scales with many interesting properties Q21 fl6l . The 
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diamond-oc calculus is still in its infancy, and much remains to be done. Here we introduce 
the diamond-oc exponential function from an appropriate diamond-oc eigenfunction. 

It is known that eigenvalue problems of delta-differential operators play an important 
role on time scales (H [71. We look to the diamond-oc derivative as a linear operator on 
the linear space of differentiable functions in both delta and nabla senses. More precisely, 
we investigate and compare the idea of eigenfunction on time scales for three kinds of 
differential operators on a space of functions. An eigenfunction of a linear operator L, 
defined on some function space, is understood as any non-zero function / in that space for 
which there exists a function X such that Lf = Xf. The solution of such problems depends 
on boundary conditions required for /. Typically, the exponential functions are defined on 
time scales by means of a cylindrical mapping OIH. An alternative but equivalent way, 
is to define them as the solution of an eigenvalue problem. A suitable (Ly)(-) gives the 
exponential function as the solution of a problem Ly = py, where p is a function, subject to 
appropriate boundary conditions. 

2 Preliminaries 

In this section we give a short introduction, with basic definitions and necessary results to 
what follows, on three types of calculus on time scales: (i) the delta (A), (ii) the nabla (V), 
and (iii) the diamond-oc (Oa) calculus. For more information we refer the reader to [HE], 
HIS, and [mGHQSEl, respectively. 

By a time scale, denoted by T, we mean a nonempty closed subset of R. As the theory 
of time scales give a way to unify continuous and discrete analysis, the standard cases 
of time scales are T = R, T = Z, T = N or T = cZ, c > 0. In particular also the set 
Q q = {—q k ,0,q k ,k G Z,g > 1} forms a time scale. The set of natural numbers is taken here 
with zero: N = {0, 1,2, . . .}. Let T* := T\{minT,maxT}. Then N* = {1,2, . . .}, while for 
example, cZ* = cZ. 

For ( £ T, the forward jump operator a and the graininess function /u are defined by 
a(t) = mf{s eT:s>() and a(supT) = supT if supT < +oo; ^(t) = a(t) - 1. Moreover, 
we define the backward operator p by p(?) = sup{^ £l:s</} and p(infT) = infT if 
inf T > — oo; v(?) = t — p(f). In the continuous-time case, i.e., when T = R, we have o{t) = 
p{t) =t and i u(f) =v(t) = for all t G R. In the discrete-time case, o(t) =t+l, p(t) = t-l, 
and fi(t) = v(t) = 1 for each (GT = Z. For the composition between a function / : T — > R 
and functions o : T — > T and p : T — > T, we use the abbreviations f°(t) = f(o(t)) and 
fp(t) = f(p(t)). A point t is called left-scattered (right-scattered) if p(t) <t (a(t) > t). A 
point t is called left-dense (right-dense) if p(t) =t (o(t) = t). 

The set T K is defined by T K := T\ (p (sup T) , sup T] if sup T < oo, and T K = T if sup T = 
oo; the set T K by T K := T\[inf T,a(inf T)) if | inf T| < °°, and T K = T if infT = -oo. More- 
over, T K " +1 := (T K ") K , T K „ + . := (T K ») K and T£ := T K nT K . 

For a function / : T — > R, we define the A-derivative of / at t G T K , denoted by f A (t), to 
be the number, if it exists, with the property that for all £ > 0, exists a neighborhood U C T 
of t G T K such that for all s G U, \f c {t) - f{s)-f A (t)(a(t) -s)\< e\a(t) - s\. Function / 
is said to be A-differentiable on T K provided / (f) exists for all t G T K . 

The V-derivative of /, denoted by / v (f), is defined in a similar way: it is the number, 
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if it exists, such that for all £ > there is a neighborhood V C T of t G T K such that for all 
seV, \f p (t)-f(s)-f v (t)(p(t)-s)\ <e\p(t)-s\. Function / is said to be V-differentiable 
on T K provided f^(t) exists for all t G T K . 

Example 2.1. The classical settings are obtained by choosing T = R or T = cZ, c > 0: 

1. Let T = R and / be differentiable. Then, f A (t) = f (t) = /(f) and / is A and V 
differentiable if and only if it is differentiable in the ordinary sense. 

2. Let T = cZ. Then, both derivatives 

f A (t) = f{t + c) - f{t) , f(t)= l -(f(t)-f(t-c)) 
c c 

always exist, t G T. 

It is possible to establish some relationships between A and V derivatives. 

Theorem 2.2. [5] (a) Assume that f : T — ► R is A-differentiable on T K . Then, f is V- 
differentiable at t and f v (?) = f A {p{t)) for all f£T K such that c(p(f)) = t. (b) Assume that 
f : T — > R is V-differentiable on T K . Then, f is A-differentiable at t and f A (t) = f v (o(t)) 
for all t G T K such that p(a(f)) = t. 

A function / : T— >R is called rd-continuous provided it is continuous at right-dense 
points in T and its left-sided limits exist (finite) at left-dense points in T. The class of real 
rd-continuous functions defined on a time scale T is denoted by C r j(T,R). If / G C r j(T,R), 
then there exists a function F(t) such that F A (t) = f(t). The A-integral is defined by 
f>f(t)At = F(b)-F(a). 

Similarly, a function / : T— >R is called ld-continuous provided it is continuous at left- 
dense points in T and its right-sided limits exist (finite) at right-dense points in T. The 
class of real ld-continuous functions defined on a time scale T is denoted by Cw(T,R). If 
/ G Cm(T,R), then there exists a function G(t) such that G w (t) = f(t). In this case we 
define J* f(t)Vt = G(b) -G(a). 

Definition 2.3. HH Let T be a time scale, a G [0, 1], fj ts = a(t) - s, r\ ts = p(t) — s, and 
/ : T — > R. The O a -derivative of / at t is defined to be the value f^ a (t), if it exists, such 
that for all 8 > there is a neighborhood U C T of t such that for all s G U, 

\a\f(t) -f(s)]r\ u + (1 - a) [f(t) -f(s)]fi ts - fO"(t)fi ts r\ ts \ < e\fi ts r\ ts \ . 

We say that function / is O a -differentiable on T£, provided f^ a (t) exists for all t G T£. 

Theorem 2.4. [12 ] Let f : T — > R be simultaneously A and V differentiable at t G T. Then, 
f is a-differentiable at t and f <>a (t) = af A (t) + (1 - a)f v (t), a G [0, 1]. 

Remark 2.5. If a given function is A and V differentiable at the point t, then the Oa- 
derivative at t is the convex combination of A and V derivatives. It reduces to the A- 
derivative for a = 1 and to the V-derivative for a = 0. The case a = 0.5 has proved to be 
very useful in applications lTT4l [T2l [T3l ITTB . 

We use the following notation: C W (T,R) := C rd (T,R) nC w (T,R). 
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Definition 2.6. Let a,b G T and / G C r /(T,R). Then, the O a -integral of / is defined by 
/* /(t)0«t = a/*/(T)AT+ (1 - a)/ fl fc /(x)Vx, where a G [0, 1]. 

It should be noted that, in general, the O a -derivative of J a f /(x)O a x with respect to t is 
not equal to /(?). 

3 Delta and Nabla Exponential Functions 

A function p : T — > R is called regressive provided 1 +/i(t)p(t) ^ for all t G T K . By 
2t it is denoted the set of all regressive and rd-continuous functions on T. Similarly, a 
function q : T —> R is called v-regressive provided 1 — v(t)q(t) ^ for all t G T K . By 
we denote the set of all v-regressive and ld-continuous functions on T. We recall now 
some notations about Hilger's complex plane (HE]. By Q, it is denoted the set of Hilger's 
complex numbers: Co := C, Q, := {z G C : z ^ — ^} for ft > 0; whereas by R/, we denote 
Hilger's real axis: R := R, R h := {z G C A : z G Rand z > -±} for ft > 0. Let Z h be the 
strip 7L h := { z g C : -f < Zm(z) < f }, ft > 0. Then, one defines the cylinder and v-cylinder 
transformations as follows: 

a) \ h : C h -> Z h by ^(z) := l Tl Log{\ +zh), 

b) |j : C h Z A by |fc( z ) := -±Log(l -zft), 

where Log is the principal logarithm function @ [5J. For ft = 0, one has ^o(z) = z and 
|o(z) =zforallzGC. 

Definition 3.1. 

i) Let p E 3t. Then, the A-exponential function is defined by 

e,(r,<b) := exp f jf ^ {t) (p(t;))AtJ . (3.1) 

ii) Let p G 3^. Then, the V-exponential function is defined by 

e p {t,t Q ) := exp U% {x) (p{x))yx\ . (3.2) 

Proposition 3.2. /@ |5]/ 

a) Le? Tften, ?fte A— exponential function e p (-,to) is the unique solution of the initial 
value problem y A (t) = p(t)y(t), y(to) = 1. 

b) Let p G Then, the V '-exponential function e p (-,to) is the unique solution of the initial 
value problem y 3 (t) = p{t)y(t), y(to) = 1- 

The next theorem establishes a relation between the A and V exponential functions. 

Theorem 3.3. [6, Theorem 4.17] If p is continuous and regressive, then 

e P (t,t ) =e ,,p (t,to). 
If q is continuous and V— regressive, then 



e q (t,to) =e_£ (t,t ). 
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We need also the following: 

Corollary 3.4. Let p{-) G ^ fl Then, 

a) e p p (t,to) = i +pP (f )v( f) gp(Mo), and e 9 p (t ,t ) = 1+pP( ' o)v(?o) ; 
Z?; e£(?,fo) = \-p{t)v(t)e p (t,t ), and e p p (t ,t ) = l-p(t )v(t Q ). 

4 Naive Approach: Combined-Exponentials 

Roughly speaking, the O a -calculus is the convex combination of A and V calculuses. We 
may be then tempted to define the O a -exponential function by a simple combination of A 
and V exponentials. We consider here two such functions: a E p and a e p , where p£5{,ntv 
and a G [0,1]. 

Our first combined-exponential is the most natural to be considered: 

a E p (-,t Q ) := ae p (-,t Q ) + (\ - a)e p (-,t ), f Gl 

Example 4.1. Consider the time scale T = Z and the constant function p(t) = j. Take 
to = 0. Then, e p (t,0) = (|) ? is the solution of the initial value problem y A (t) = hy(t), 
y(0) = 1. Moreover, e p (t,0) = 2' is the unique solution of y v (t) = \y(t), y(0) = 1. It 
follows that a E p (t,0) = a + (1 - a)2', t £ Z. 

Our second combined-exponential a e p also involves a convex combination, but of a 
different nature. It is motivated by the definitions d3.ll ) and ( 13.21 ) of A- and V-exponential 
functions: 

a e p (t,t ) := exp (a J £ /i(t) (p(t))At+ (1 - a) J | v(t) (/j(x))Vt^ , t ,t G T. 

The combined-exponential a e p presents some desired properties: 

(i) ae P (t,t ) = ef(t,to)e p - a (t,to); 

(ii) ln( a e p {t,t )) = ae p (t,t ) + (1 - a)e p (t,t ); 

(hi) if p G 3^ n %y, then the semigroup property a e P {t,s) a e p (s,to) = ?o) holds. 

While both functions a E p and a e p generalize A and V exponentials, in the sense that 
when a = 1 one gets the A-exponential, and when a = one gets the V-exponential, these 
combined-exponentials can not be really called an exponential function. Indeed, they seem 
to fail the most important property of an exponential function: they are not a solution of an 
appropriate initial value problem. 

5 Regular Time Scales 

In the recent paper iMOl . Theorem 12.21 is used in order to obtain formulas for the a - 
derivative of delta and nabla exponential functions. For that we need assumptions on func- 
tions p and a. We begin by recalling the notion of regular time scale (H. 

Definition 5.1. (U A time scale T is said to be regular if the following two conditions are 
satisfied simultaneously: 

a) V? GT, o(p(f))=f; 

b) Vt€T,p(o(f))=f. 
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Remark 5.2. If T is a regular time scale, then both operators p and a are invertible with 
G~ ! = p and p _1 = a. 

The following statement holds: 

Proposition 5.3. (H A time scale T is regular if and only if the following two conditions 
are true: 

a) The point inf T is right-dense and the point supT is left-dense. 

b) Each point ofT* is either two-sided dense or two-sided scattered. 

Examples of regular time scales include R, cZ (c > 0), q z , Q q , and [—£,0] Uq z with 
£ > 0; while T = [a, b] U [c,d] is not regular. 

Remark 5.4. If T is a regular time scale, then T£ = T K = T K = T. Moreover, <j(T) = p (T) = 
T. 



We know from Proposition 15 . 3 1 that for regular time scales T each t G T* is either two- 
sided scattered or two-sided dense. Next proposition gives direct formulas for the a - 
derivative of the exponential functions e p (-,to) and e p (-,to). 



Proposition 5.5. M10II Let T be a regular time scale. Assume that ?,?o £T and p £ l^D Hy. 

Then, 



4 a (t,t Q ) 



(l-a)pP(f 
ap(t)+ y 



;i-a)p(0 + 



i+v(0pp(0 

ap°(t) 



\-fi(t)p°(t) 



(t,to), 
e p (t,t ) . 



From Proposition 15.51 we can immediately conclude that function e p (-,to) is a solution 

of the initial value problem = q(t)y(t), y(t ) = 1, where q(t) = ap(t) + ■ 

However, as illustrated by the next example, in general that is not the unique solution. 
Indeed, for one eigenvalue there may correspond infinitely many eigenvectors. 

Example 5.6. Let T = cZ,c > 0, and consider the a dynamic equation y^ a (t) = 0, y(to) = 
1, where a € (0, 1). Then, the constant function y\ (?) = 1 is a solution of such initial value 
problem. Further, it is easily seen that for a given a € (0, 1) also y%{t) = e q (t,to), q — 1 

is a solution: ^ = and 



yH) = («*+ (1 " O)^) e q (t,t ) = + j^) e q (t,to) ss 0. 

We have also that 3^2(^0) = e q (tQ,io) = 1- Moreover, each convex combination of yi(t) and 
y2(t) is also a solution of the equation y^ a (t) = with condition y(to) = 1. For that, let 
us see that if w{t) = $y\{t) + (1 - P)y 2 (t) = f3 + (1 - fi)e q (t,t ), then w^ a (t,t ) = and 
w(to) = |3 + (1 — P) = 1. Thus, w(t) is also solution to the problem. To have uniqueness 
of solution, a second boundary or initial condition is needed. Additionally, we see that 
e l(p(^o"Mo) = t^t 7^ 1- Hence, with the second condition y(p(?o)) = 1. y{t) = 1 is the 

etc cc 1 

unique solution. 
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Example 15.61 shows that if we want to have a unique solution for the problem y^ a (t) = 
q(t)y(t), a G (0, 1), then we need to consider two boundary conditions. Only in the cases 
a = 1 and a = the second condition disappear. This will be further investigated in Sec- 
tion [6] Before that we introduce the idea of decomposition of a regular time scale into a set 
of time scales that we call atomic. 

Definition 5.7. Let T be a regular time scale. Let / be a nonempty finite set of indices. We 
say that a set © = {T,-,i G /}, where T = U,- 6/ T;, forms an ordered finite partition of the 
time scale T if the following holds: 

(i) for all i G 7\{max/} one has T* nT* +1 = and maxT,- = minT !+ i while minTi = 
mini, maxT max / = maxT; 

(ii) each T,-, i G /, is a regular time scale; 

(iii) for all t G T*, i G /, t is either two-sided scattered or two-sided dense. 

(iv) the set S = {s,- : = T ( n T, +1 ,/ = 1, . . .n — 1} is such that for any £ > we have 
at least one of the nonempty sets (j; — e,j,-) nT* or + s) nT,- + i consisting of 
two-sided scattered points only. 

An element T,- £ © is called an atomic time scale. If D = {T}, then T is an atomic time 
scale. We call the set S = {sj : s, ■ = T,- n T i+ i,i= 1 , . . . n — 1 } defined in point (iv) the set of 
switching points in the partition © . 

Remark 5.8. A partition © of a regular time scale T can be finite or infinite. In the present 
study we restrict ourselves to regular time scales T with a finite partition. In the case of 
infinite partitions, we would change the item (i) in Definition 15.71 to: for all i £ 7\{max/} 
one has T* n T* +1 = and maxT,- = minT,+i. 

Remark 5.9. Any atomic time scale T,- in a decomposition of T does not admit a non-trivial 
partition: the only partition of an atomic time scale T,- is © = {T,}. 

Remark 5.10. A regular time scale admits a unique partition into a set of atomic time scales 
because any two such partitions have the same set of switching points. 

Example 5.11. (a) If T = R_ U ~q^, then T = Tj U T 2 with Ti := M_ U {0}, T 2 := q 1 . 
(b) Let q G Z with q > 1. If T = Q q = {—q k ,0,q k ,k G Z}, then T = T { U T 2 with Ti := 
{0,-q k ,keZ},T 2 := {0,q k ,keZ}. (c) If T = Z, then T = Ti := Z. 

Any regular time scale admits a decomposition into a finite or infinite partition. In 
our present investigation we only consider regular time scales T with a finite partition. 
Example |5. 121 shows a regular time scale with an infinite partition. 

Example 5.12. Let T = U«gN 0^2n U T^+i), where T 2 „ = [2n,2n + 1] and T 2n+ i = {In + 
1 +0.5p,2n + 2 — 0.5p,p G g z - u {°}}. Then T is a regular time scale with an infinite parti- 
tion. 
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6 Diamond-alpha Dynamic Equations 

We consider linear equations with a derivatives. Our investigations are based on the fact 
that on a time scale of isolated points, a first order (} a equation becomes a linear equation 
of second order when written in terms of A and V notions (cf. Examples |5.6| and |6T| ). Thus, 
to have uniqueness, two boundary conditions have to be used. We introduce the idea with a 
simple example: if T = Z and a = 0.5, then the Fibonacci sequence is the unique solution 
to the boundary value problem y^ a (t) = 0.5y(t), y(0) = 1, y(l) = 1. 

Example 6.1. Let T = N U {0} and a = 0.5. We have: 

2y<>«(f) = / (;) +/(,) = y{t + 1) -y (,) +y ( t ) -y( t - 1) = y(t + l) -y(t - 1). 

Consider the <>„ equation y^it) = 0.5y(f). Then, 2y^ a (7) = y(t), that is, y{t + 1) —y(t - 
1) = y{i) O y(t + 1) = y(t — 1) +y(t). To have a unique solution, we need two initial or 
two boundary conditions. Moreover, if we take y(0) = 1 and y(l) = 1, then the Fibonacci 
sequence is the unique solution to the boundary value problem y^°- 5 (t) = 0.5y(f), y(0) = 1, 
y(l) = 1. For t G T, the solution is the Fibonacci sequence with the general formula 




y{t) = 

Definition 6.2. Let T be a time scale and / C T. A Oa-dynamic equation of the first order 
on I is an equation of the form F(?,y(f),y^ a (f)) =0 where F : / x R 2 — > R. If function F is 
linear with respect to y(-) and y^ a (-), then the Oa-dynamic equation is said to be linear. 

We consider linear equations of the form y^ a (t) = p(t)y(t) + f(t), where / and p are 
given functions on a certain regular time scale T. Under the assumptions of Theorem 12.21 
we can write that y <>a (t) = ay A (t) + (1 - a)y v (t) = ay A (t) + (1 - a)y Ap (t) or y^ a (t) = 
ay Vc (t) + (1 - a)y A (t). Then, y^ a (t) = p{t)y{t) +f(t) can be rewritten, respectively, in 
the following form: ay A (t) + (1 - a)y Ap (t) = p(t)y(t) + f(t) or ay Va {t) + (1 - a)y v (f) = 

p{t)y(t)+f(t). 

Definition 6.3. By Lj a we denote the operator L$ a : C W (T,R) -> C r /(T,R) defined for 
t G Tl by L$*y(t) = yO*(t) - p(t)y(t). If y G C r/ (T,M) and L$*y(t) = f(t) for all t G T* 
then we say that y(-) is a solution of L^ a y = f on T. 

Proposition 6.4. The operator L^ a is a linear operator on C r /(T,R): 

L^iayt +by 2 ) = aL^ yi +bL^y 2 

for all a,b G R andy\,y 2 £ C r /(T,R). 

Proof. It follows from the linearity of the Oa-derivative. □ 

Corollary 6.5. Ify\ andy 2 are solutions of the equation L^ a y = 0, then any linear combi- 
nation ofy\ andy 2 is also a solution ofL^ a y = 0, i.e., 

Lf> a y Y = and L^ a y 2 = L% a (ay i + by 2 ) = Va,b G R. 
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Definition 6.6. If f(t) = 0, then the equation L^ a y = f is reduced to the homogeneous dy- 
namic equation L^ a y = 0. Otherwise, the equation L^ a y = fit) is called nonhomogeneous. 

The following standard property holds: 

Proposition 6.7. The sum of a solution of the homogeneous equation L^ a y = with a solu- 
tion of the nonhomogeneous equation L^ a y = f(t) gives a solution to the nonhomogeneous 
equation. 

Proof. Let w, v E C H (T, M) . If L$ a w = and L$ a v = f, then L<>« (y + w) = f. □ 

Theorem 6.8. Let T be an atomic regular time scale, to E T*, yo be a given constant, and 
p(-) G ^ fl Then, the two boundary value problems 



L<>"y(/) = 0, t E T*, <xe[0,l], 
y(to) = yo, a(l-oc)y(p(/ )) =a(l-a)y ; 



(6.1) 



and 



coincide. 



a/u(s)y AA (s) + (\-p°(s)/u(s))y A (s)-p°(s)y(s) = 0, s E T*, 

(6.2) 

y(a(j )) = Jo, a(l - a)y(j ) = a(l - a)j ; 



Proof. We do the proof in three parts: first for a = 0, then for a = 1, and finally for any 
OCE (0,1). 

Let a = 0. Then, problem (16.11 ) has the formy v (?) = p(t)y(t) with one condition y(to) = 
yo only. On the other hand, problem (16.21 ) has the form (1 — p c (s)iu(s)) y A (s) — p c (s)y(s) = 
with the initial condition y(a(so)) = yo- Denote o(s) by t. Then, the dynamic equation of 
(l&2l can be written as (1 - p(t)p.(p(t)))y A (p(t)) - p(t)y(p(t)) = 0. Because p(p(t)) = 



V(f),v(f)y v (*) = j ^ f) _ y(pW)) |^[jj^o ' and /(0=/(p(0)>weget((E2l)inthe 

fatmy v (t)=p(t)y{t),y(t )=y . 

Consider now a = 1. Then, problem (16.11) has the form y A (t) = p(t)y(t), y(to) = yo- 
We transform the dynamic equation of (16.21) for cases p(s) = and p(s) / separately. For 
/li(s) = we get directly the form j A (^) = p(s)y(s), because then a(s) = s. For fj(s) / 
we have that p.(s)y AA (s) = y A (o(s)) — y A (s). In this case the dynamic equation (16.21 ) can 
be written as y A (o(s)) - p(o(s)) (^s^is) -y(s)) = 0. Letting t = c(s), we get y A (t) = 
p{t)y{t). Moreover, we have also the initial condition y{to) = y(cr(5o)) = yo- 

Let a E (0, 1), and s = p(t). Since T is a regular time scale, then t = a(s) and y^ a (t) = 
ay Ac (s) + (1 - cc)y Vo (j) = ay Aa (s) + (1 - a)y A (s). For p(s) = we have also v(s) = 0, 
and we get the dynamic equation of problem (16.21 ) in the form y A (s) = p(s)y(s). In this 
situation one has y A (s) = y w (s) = y^ a (s) for all a E (0, 1). Finally, let us consider points 
s E T which are scattered, i.e., p(s) ^ and v(s) / 0, since we have a regular time scale. 
Then, p(s)y AA (s) = y A (a(s)) -y A (s) = y A (t) -y A {(p{t)) =y A (t) -y V (0 and the dynamic 
equation (Kx2l simplifies to rxy A (» + (1 - a)y w (t) - p(t) (v(t)y v (t) -y(p(t))) = 0. Thus, 
y^(t)= P (t)y(t). ' □ 
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Theorem 6.9. Let T be an atomic regular time scale, to G T*, yo be a given constant, and 
p{-) G 9{. Pi Then, the two boundary value problems (16.11 ) and (16.21 ) /jave the same unique 
solution for each a G [0, 1]. 

Proof. For a = the boundary value problem has the form y v = p(t)y(t), y(to) = yo, and 
there exists a unique solution for this V initial value problem of first order for all f 6 T, 
because of v-regressivity of p. Similarly, for a = 1 the problem has the form y A = p(t)y(t), 
y(to) = yo, and there is a unique solution in t G T, because p £ Assume now, up to 
the end of the proof, that a G (0,1). We consider two cases: v(t) ^ and v(?) = 0. 
Assume that v(?) ^ 0. Then, /u(s) ^ and we can write the equation (16.21 ) in the form 
a [y Ac (s) -y A (s)] + y A (s) - p a (s)y c (s) = 0. Moreover, then ay A (t) + (1 - a)/(p(/)) - 

P(t)y(t) = and a y A {t) + (1 - u)y V (t) - P(t)(t) = is in the form of (loTTi In this case 
equation (16.21) can be written as 

/4(s)+ i^) /(s) _^ (sH0 , 

which is regressive, thus having a unique solution. Indeed, let p(s) = 1 ~ P a ^^ and q(s) = 
~ ail(s)- Then, for any a G (0, 1) one has 1 — /j(s)p(s) +iJ 2 (s)q(s) = 1 — i ^ 0. Finally, 
consider the case when v(?) = 0. We have y A (t) = y v (t) = p{t)y{t), y{to) = yo, and we are 
back to the same situation ofoc = 0oroc = l. □ 



7 Diamond-alpha Exponential Functions 

For a function y : T — > M we define the mapping Y : T — > R 2 by setting F (/):=[ y(t) y p (t) ] . 
Let to,t G T and ? > ?o- Associated with a boundary value problem 

L^y(t)=0, t€T, 0CG[0,1], 

y(f ) =yo, a(l-a)y(p(? )) = a(l-a)y , 

we consider a set of mappings S(to,t) : Mr — > R 2x2 for which we can write that F(?) = 
F(fo)5(fo,0> where y(-) is the solution of fl7.ll ). 

Let T be an atomic regular time scale and let t G T* . Then all points in T* are two-sided 
scattered or two-sided dense. Assume that T* consist of scattered points. In that case inf T 
can be right-dense and supT left-dense. For t G T* we can rewrite L^ a y(t) = as a second 
order recurrence equation using a transition matrix. If to G T is right-scattered and t > to, 
then 

Y(t) = Y(t ) f\A(o k (to)) = Y(to)A(to)A(a(t )) . . .A(a r (t Q )) , (7.2) 

k=0 

where r is such that o r (to) = p(t) (or t = G r+1 (?o)) and matrix A(t) = 

a(t) = 1 + — b{t), b(t) = ^ a "y^ - The only possibility of t being a left-dense point 

is that t = supT. In that case r tends to infinity. For a right-dense t = inf T we have that 

Y(t)=Y(to)(f[A T (p k (t))) . (7.3) 



a(t) 
b(t) 



1 





with 
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Moreover, if T is a real interval we can also write that 

Y(t) = F(? )exp U^pWdz) hxi ■ (7.4) 

Hence, we can always write Y(t) = Y(to)S(to,t), where S(to,t) is one of the matrices used in 
formulas (I7.2I) - (I7.4I) . The convergence of the product of matrices depends if Y(t) is defined 
or not, i.e., depends on the existence of a solution y(t) to ( T7.1D . 

When we consider a regular time scale T, then we use its unique partition on atomic 
time scales. Let = T,-nT,- + i, to €Tj,f GT,- + i. Then we define Y(t) :=Y (t )S(t ,Si)S(si,t), 
if both S(to,Si) and S(sj,t) exist. 

Remark 7.1. We gave the construction for the forward solution of d7.ll ). One can also 
consider the backward solution by using the backward formula of recurrence and getting 
YP(t) from 7(0- 

Definition 7.2. The diamond-alpha exponential function, denoted by E ajP (-,to), is defined 
as the solution (if it exists) of the diamond-alpha boundary value problem 

L$*y(t)=0, (6T, a €[0,1], 
y(t Q ) = l, a(l-a)y(p(/o))=a(l-a). 

Remark 7 '.3. E a , p (t,to) = [ 1 1 ]S(to,t) 

The following proposition is a direct consequence of the above construction and our 
Definition |T2] 

Proposition 7.4. Let T be a regular time scale with a finite partition and to € T. For all 

t € T we have: 

i) if a = 1, E^ p (t,to) = e p (t,to); 

ii) ifa = 0, E , p (t,to) = e p (t,t ); 
Hi) for all a G [0, 1], E a fl(t,to) = 1. 

Example 7.5. Let T = q z , q > 1. Then, T is an atomic time scale. Let to = 0, p(t) be 
bounded on T, and t > 0. Then, S(t ,t) = (UT=i A T (p k (t))) T . As p k (t) tends to 0, then 
S(to,t) exists if b(t) = ^ ^ q < 1, i.e., the diamond-alpha exponential is well defined if 

ifr<«<i- 

Example 7.6. Let T = cZ, c > 0. Then, p(t) = v(t) = c, a(t) =t + c, and p(t + c) = 
t. Let us consider the boundary value problem y^ a (t) = py(t), y(to) = L oc(a— l)y(to — 
1) = oc(oc— 1). Then, p(s) = —£r, q(s) = and the dynamic equation takes the form 
y A2 (s) + p(s)y A (s) +q(s)y(s) = 0, which is an equation of constant coefficients and initial 
conditions a(oc — 1)j(jo) = ot(ot — 1) and y(c(so)) = 1. Consider the problem with a = 
0.5. Then, the fundamental system of solutions is given by e^(j,Jo) and e\ 2 (s,so), where 

Xi,2 = — - — - To find the exact formula for the solution of the initial value problem 

we have to calculate e°(s,so) for constant X: e° (so,sq) = (1 + 1 u(5o)^i,2)^ 12 (' s 'o,^o) = 
l + ckifl- The solution has the formy(f) = C\e% 1 (s,so) +C2ex 2 (s,so), where constants C\ 
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and C2 satisfy th e system C\ +C2 = 1 and (1 + X\c)C \ + (1 +?i2c)C2 = 1 . As we have that 
c{Xi - X 2 ) = 2^\+p 2 c 2 , \+X l c = pc + ^\+p 2 c 2 , \+X 2 c = pc- ^J\+p 2 c 2 , then 

Acknowledgments 

DM was partially supported by Bialystok Technical University grant S/WI/1/08; DT by the 
R&D unit CEOC, via FCT and the EC fund FEDER/POCI 2010. This work has flourished 
during August 2008 while both authors were a Visiting Faculty at the African University of 
Science and Technology (AUST) in Abuja, Nigeria; and was revised February 2009 also at 
AUST-Abuja. The good working conditions at AUST Galadimawa Campus are gratefully 
acknowledged. We would like to thank an anonymous referee for helpful comments. 



References 



[1] R. Agarwal and M. Bohner, Basic calculus on time scales and some of its applications, 
Results Math. 35 (1999), no. 1-2, 3-22. 

[2] R. Agarwal, M. Bohner and P. J. Y. Wong, Sturm-Liouville eigenvalue problems on 
time scales, Appl. Math. Comput. 99 (1999), no. 2-3, 153-166. 

[3] D. R. Anderson, Taylor polynomials for nabla dynamic equations on time scales, 
Panamer. Math. J. 12 (2002), no. 4, 17-27. 

[4] D. R. Anderson, J. Bullock, L. Erbe, A. Peterson and H. Tran, Nabla dynamic equa- 
tions on time scales, Panamer. Math. J. 13 (2003), no. 1, 1-47. 

[5] M. Bohner and A. Peterson, Dynamic equations on time scales, Birkhauser Boston, 
Boston, MA, 2001. 

[6] M. Bohner and A. Peterson, Advances in dynamic equations on time scales, 
Birkhauser Boston, Boston, MA, 2003. 

[7] R. A. C. Ferreira and D. F. M. Torres, Isoperimetric problems of the calculus of vari- 
ations on time scales, Contemporary Mathematics (accepted July 16, 2008), in press. 
Preprint: arXiv: 0805 . 0278 

[8] M. Giirses, G. Sh. Guseinov and B. Silindir, Integrable equations on time scales, J. 
Math. Phys. 46 (2005), no. 11, 113510, 22 pp. 

[9] A. B. Malinowska and D. F. M. Torres, On the diamond-alpha Riemann integral and 
mean value theorems on time scales, Dynam. Systems Appl. 18 (2009), in press. 

[10] D. Mozyrska and D. F. M. Torres, Diamond-alpha polynomial series on time scales, 
Int. J. Math. Stat. 5 (2009), no. A09, pp. 92-101. 



A Study of Diamond-alpha Dynamic Equations on Regular Time Scales 



13 



[11] U. M. Ozkan and H. Yildirim, Steffensen's integral inequality on time scales, J. In- 
equal. Appl. 2007, Art. ID 46524, 10 pp. 

[12] J. W. Rogers, Jr. and Q. Sheng, Notes on the diamond-oc dynamic derivative on time 
scales, J. Math. Anal. Appl. 326 (2007), no. 1, 228-241. 

[13] Q. Sheng, Hybrid approximations via second order combined dynamic derivatives on 
time scales, Electron. J. Qual. Theory Differ. Equ. 2007, no. 17, 13 pp. 

[14] Q. Sheng, M. Fadag, J. Henderson and J. M. Davis, An exploration of combined 
dynamic derivatives on time scales and their applications, Nonlinear Anal. Real World 
Appl. 7 (2006), no. 3, 395-413. 

[15] M. R. Sidi Ammi, R. A. C. Ferreira and D. F. M. Torres, Diamond-oc Jensen's inequal- 
ity on time scales, J. Inequal. Appl. 2008, Art. ID 576876, 13 pp. 

[16] M. R. Sidi Ammi and D. F. M. Torres, Combined dynamic Grass inequalities on 
time scales, J. Math. Sci. (N. Y.) (accepted March 28, 2008), in press. Preprint: 

arXiv:0801.1865 



